We analyze the Kim, Lee & Lee model of information erasure by black holes and find contradictions with standard physical laws. We demonstrate that the erasure model leads to arbitrarily fast information erasure; the proposed physical interpretation of information freezing at the event horizon as observed by an asymptotic observer is problematic; and information erasure, whatever the process may be, near the black hole horizon leads to contradictions with quantum mechanics if Landauer's principle is assumed. The later part of the work demonstrates the significance of the "erasure entropy." We show that the erasure entropy is the mutual information between two subsystems.
I. INTRODUCTION
Landauer's principle [ [1] ] states that the erasure of 1 bit of information increases the classical entropy by ∆S ≥ k log 2 (1) where k is Boltzman's constant. Landauer's Principle has been important in understanding the thermodynamics of quantum computation [ [2] , [3] , [4] , [5] ].
Extensions to quantum systems has inspired many explorations. For example, the thermodynamic costs of processing classical information encoded in quantum systems was discussed by [[6] ]. In relating Landauer's principle to von Neumann entropy, Plenio reformulated the Holevo bound [ [7] , [8] ].
Explicit relations between thermodynamics and quantum information via Landauer's principle has spurred applications to black hole thermodynamics. It has been used to derive a generalized second law for black hole thermodynamics [ [9] ]. Recently, it has been used to try to resolve the black hole information paradox [ [10] , [11] ] by relating the black hole entropy to an erasure entropy. In this paper, we produce counterarguments to the erasure process in [ [10] ] and find contradictions with standard results. We then argue that it is not possible for any erasure process to erase information near the black hole horizon if Landauer's principle is assumed to hold. We also clarify the notion of quantum information erasure as mentioned in the literature.
The paper is organized as follows. Section II reviews the information erasure model advocated in [[10] ]. Section III details the inconsistencies in the erasure model and demonstrates contradictions between the erasure model and standard results. In section IV, we explain why no erasure process, irrespective of the details, can be consistent with Landauer's principle. Then in section V, the general meaning of quantum information erasure is explained. It is showed that the so-called erasure entropy is the mutual information of two systems. Finally in section VI, the central ideas of the paper are summarized.
II. REVIEW OF INFORMATION ERASURE PROPOSED BY KIM, LEE & LEE
Standard lore states that a faraway observer never sees an infalling particle cross a black hole apparent/event horizon. From this viewpoint, it takes an infinite amount of time for an infalling particle to cross the horizon as the waves radiated by the particle experience gravitational redshift. This is called 'information freezing' at the horizon.
Freezing is considered to be a coordinate artifact.
Kim, Lee and Lee proposed in [ [10] ] that information freezing might correspond to a physical process. They suggested that the information of the infalling particle is first frozen at the horizon and then erased by interaction with future infalling particles. The energy required for information erasure comes from the energy of infalling matter. This energy and entropy is absorbed inside the black hole.
The authors assume that the black hole event horizon is shielded by a 'system' of finite energy, so that this hypothetical system is invisible to asymptotic observers because of severe redshifting. The process of infall is divided into three parts.
i. The energy of the particle erases the information in the system. This erasure of information is associated with a change in entropy as dictated in [1] .
ii. The black hole horizon increases and engulfs the 'system.' The energy of the particle and entropy of erasure is consumed by the black hole.
iii. The information of the infalling particle is frozen at the horizon and becomes a part of the new system.
III. INCONSISTENCIES IN THE KIM, LEE & LEE MODEL
Kim, Lee & Lee postulate an eraser system at the black hole horizon. They do not offer many details on how the system physically stores or erases information. Their hypothetical system is however problematic at a conceptual level, as is shown by the following general arguments.
Let a small mass particle fall towards a black hole. Assume that the infalling particle increases the mass of a Schwarzschild black hole from M to M +∆M. It therefore increases the radius R of the event horizon by ∆R. Assume that the black hole's temperature T = 1/(8πkM), does not change significantly. This is a good assumption for large mass black holes. From the first law of black hole thermodynamics, the black hole's mass and radius changes are
where the inequality on the right follows from the supposition that ∆R ≤ 2∆M.
For simplicity and without loss of generality, assume that the shell of width ∆R comprises the 'system' as defined by Landauer and Kim, Lee & Lee. Assume it encodes 1 bit of information.
Since the infalling particle has negligible mass, we can assume it doesn't perturb the geometry significantly. Let the proper time along the world line of the particle be τ . Assume the particle started from infinity with zero initial velocity. Therefore the particle's proper time τ asymptotically becomes coordinate time t. Suppose the particle is at r 0 = R + ∆R at proper time τ 0 , and at r = R at proper time τ . Standard results
show that [ [12] ]
This gives the interaction time between the system and the infalling photon. The time ∆τ can be made arbitrarily small as M increases.
In the framework of the Kim, Lee & Lee model, and given the freefall assumption, ∆τ represents the time required for information erasure from the system. From (3) we see that this rate of (classical) information erasure can be made arbitrarily large. This is problematic.
For the sake of completeness of our argument, consider quantum effects. Assume the system is entangled with degrees of freedom inside and outside the event horizon.
We do not know the detailed information erasure mechanism, but we know that the evolution of the entire system is unitary. Unitary evolution preserves entropy implying that information cannot be destroyed at the quantum level [ [13] ]. However, information can be 'erased' from a part of a system by transferring it to another component of the Consider a simple qubit example that implements the desired information transfer.
Denote the 'system' as A, the environment it is entangled with as B and the infalling particle as C. Additionally, assume that both A and C are simple single qubit spaces and encode a maximum of 1 bit of information. We desire a unitary transformationÛ of the formÛ
so that the reduced density matrix of the system after the transformation is the same as the density matrix of the infalling particle before the transformation,
This task can be accomplished for example, by applying a quantum bit swap gate to the states of A and C while leaving B undisturbed. Only the 'system' interacts with the infalling particle -a natural requirement.
Let us assume that the 'system' proposed by Kim, Lee & Lee uses some information processing protocol near the horizon. Assuming unitarity, the time evolution will be generated by a unitary operatorÛ =Î that is nontrivial
whereĤ is the Hamiltonian of the joint system. Now ∆τ which is given by (3), can be made arbitrarily small for large black holes. If we assume the energy of the 'system,' which is a shell or size ∆R near the horizon, is finite (severe redshifting makes this energy invisible to asymptotic observers), then we can achieveÛ ∼Î. Thus the system remains almost unchanged.
Another way to compensate for infinitesimally small ∆τ is to allow the energy eigenvalues of the system to become arbitrarily large. But, then this process of energy erasure at the horizon would no longer be invisible to asymptotic observers. Hence, the claim that information erasure is a 'physical realization' of 'information freezing,' which is invisible to asymptotic observers, would become troublesome at best in the context of the Kim, Lee & Lee model. No unitary evolution of an information containing 'system' engaged in the three step erasure process can erase (or even process) quantum information without being noticed by asymptotic observers.
We have thus showed two significant loopholes in the erasure process proposed in [[10] ].
i. Classical information can be erased arbitrarily quickly from the 'system'.
ii. There is no unitary evolution that erases quantum information under the assumption of finite energy of the 'system.' With the finite energy condition relaxed, this erasure process is no longer a 'physical realization' of 'information freezing' at the horizon.
IV. IMPOSSIBILITY OF INFORMATION ERASURE PROCESSES NEAR A BLACK HOLE HORIZON
In this section we consider more general arguments about information erasure near a black hole event horizon. Some authors have speculated that the information paradox may be resolved by bleaching information near the horizon [ [10] , [11] ].
Let us consider some general process of information erasure near the black hole horizon that respects the uncertainty relations and Landauer's principle. Erasing one bit of information has an entropic cost of at least k log 2. For large black holes which experience negligible temperature change, the energy change associated with this process is given by ∆E ≥ kT BH log 2
where T BH is the black hole's temperature and satisfies T BH = 1/8πkM. Employing the energy-time uncertainty relation, i.e. ∆E · ∆τ ∼ 1 we find
The time required for information erasure depends on the computational efficiency of a black hole. Equation (8) 
In [ [19] ] the same quantity was bounded by
where E is the average energy of the system and E 0 is the ground state energy.
These different relations apply best to different regimes. For systems with finite average energy and large standard deviations, (10) serves as a better bound. For systems with large average energy but small standard deviations like black hole systems, (9) is the better estimate.
A simple example can illustrate this. Consider the state |w = a|0 + b|E where |b| ≫ |a| and |E and |0 are energy eigenstates. Margolus and Levitin's methods show that the system will never evolve to an orthogonal system; the bound (10) therefore does not provide meaningful information. The bound in (9) is meaningful in the limiting case, |a| → 0 and |b| → 1 since the timescale becomes arbitrarily large which corresponds to physical reality. The timescale (9) is also consistent with (8) where Landauer's principle is invoked to estimate the energy uncertainty associated with a single qubit operation.
The actual timescale to evolve to an orthogonal state is subject to physical constraints, not just (9) or (10) . For black holes, the minimum resolvable time limits the speed of possible operations. The proportionality between ∆τ , interpreted as the interaction time associated with the uncertainty of energy, and black hole mass is evident from (8) . This is in clear contradiction with the formula for ∆τ in (3).
Let us us see how compatible the estimate for ∆τ in (8) is with the assumption that particles free falling through the ∆R shell around horizon cause information erasure.
Define the shell R ≤ r ≤ R+∆R as the region of information erasure, where ∆R ≪ R.
Some mechanism in this region causes the information to be erased. The process of erasure increases the black hole's entropy via Landauer's principle. If the width ∆R were large the change of entropy could be observed in the surrounding environment. The size of ∆R should be determined by the small perturbations to the Schwarzschild metric. A similar idea has been advocated in [[20] ] where the so-called 'stretched horizon' acts as a 'repository that stores quantum information absorbed by the black hole' and has a width of the order of planck length. Now, if the information bearing particle follows a timelike geodesic in approaching the black hole, the proper time it requires is given by (3) . With the approximation ∆R ≪ R, this may be reduced to
This contradicts (8) which stipulates ∆τ ∼ R and which is based on Landauer's Principle. This contradiction seems generic to any process that advocates information erasure near the black hole. It therefore prompts a more general result -"Information erasure processes that respect Landauer's principle cannot erase the information of an infalling particle near the black hole event horizon."
In general, several authors [ [20] , [21] ] have argued that quantum information processing in a black hole takes a 'considerable' amount of time. For example, [ [20] ] advocates that 'thermalization' of infalling information takes a time of order R log R. These arguments support our claim that information processing like erasure cannot occur arbitrarily quickly (3).
V. GENERAL MEANING OF INFORMATION ERASURE IN QUANTUM CONTEXT
After information is erased near the horizon, where does it go? Quantum mechanically, information is not erased. It is instead transferred to another part of the system. In this section we provide an interpretation of information erased through a Landauer-like process to understand where the erased information appears. We present arguments in [ [9] ] which extend arguments in [ [22] , [8] ].
Consider a black hole surrounded by a spherical cavity of comparatively large dimensions. Radiation fills the cavity and is in thermal equilibrium with the black hole. We treat this radiation filled cavity as a thermal reservoir. Suppose a quantum system is in the state
Also, suppose that the apparatus M is initially in a pure state. During the process of measurement this apparatus entangles itself with the system and the joint state of the apparatus and the system is given by
where {|m i } is basis of states for the apparatus.
The density matrix describing the state of the apparatus is given bŷ
The apparatus is thus found in a state |m i with probability λ i . After a measurement takes place, the apparatus will be in a pure state. The general way to erase this information is to bring the apparatus in thermal contact with a heat reservoir of temperature T which projects the apparatus' state to a thermal state irrespective, thus erasing the information [[9] ]. In [ [23] ] such processes that project every state to a fixed state (of some other subspace in general) have been termed 'information hiding processes.'
IfĤ is the hamiltonian of the apparatus, the density operator of the apparatus in thermal equilibrium with the reservoir is given bŷ
where Z is the thermal partition function. After erasing the information, the apparatus gains an entropy
Assuming that the heat reservoir's temperature is unchanged in the process, the change in its entropy, in dimensionless units is given by the classical thermodynamic relation
where in the final step we used tr{(ρ M −ω M ) log Z} = 0, which follows from probability conservation.
The total entropy change from erasure ∆S era , is given by the sum of the entropy changes of the reservoir (17) and the measuring apparatus (16),
which is positive via Klein's inequality: tr{ρ(logρ − logω)} ≥ 0.
Quantum mechanically the erased information cannot simply disappear. It is therefore not surprising that this erasure entropy ∆S era ends up in the correlations between the apparatus M and the heat bath reservoir R as we show below.
Supposeρ R is the density matrix of the heat reservoir and the apparatus is found in a pure state with density matrixρ M = |m i m i | before thermalization of the apparatus.
The thermalization process is described by some unitary matrix over the joint system that entangles the apparatus and reservoir,
The final state of the apparatus is obtained by tracing over the reservoir system and the final state of the reservoir is similarly given,
Unitarity ensures that no information is lost. This implies S (ρ R ⊗ρ M ) = S (ρ RM ).
The entangled reservoir-apparatus system will encode some of the information initially in the separate R and M systems in the correlations between R and M. This is given by the mutual information S(R : M) between the heat reservoir and apparatus. It is zero if no correlations between R and M exist. 
The erasure entropy ∆S era is therefore shifted into the correlations of the subsystems after information erasure.
VI. CONCLUSION
This work examines the feasibility of the Kim, Lee & Lee proposal [[10] ] which suggests that the black hole information paradox may be resolved by the erasure of information near the horizon. This is a very interesting proposal, but we find several weaknesses in their prescription.
Assuming the horizon is smooth and particles free-fall through it, in the Kim, Lee & Lee model, information erasure near the horizon can happen arbitrarily quickly. Also, we
show that finite energy processes cannot cause a significant change in the quantum state of an infalling particle, thus precluding meaningful information erasure at the horizon. In the next section, we showed that no erasure process conforming to Landauer's principle can erase quantum information in the vicinity of the black hole horizon without violating an uncertainty principle. We then showed that the erased entropy appears in the mutual information between two subsystems. This illustrates a major difference between classical
